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Existence of global-in-time solutions to a system of fully
nonlinear parabolic equations

Ryuichi Sato ({£f#HE—, Fukuoka University)*

Abstract

This talk is based on a joint work with Takahiro Kosugi (Tottori University of Environ-
mental Studies, Tottori, Japan). We consider
{atul + FI(D2U1) - |u2’P*1u2’ T € RN? t> Oa (1 1)

Oyuo + FQ(.DQ'LLQ) = |u1]q*1u1, S RN, t>0,

where p,q > 0, F; = F;(X) is a continuous in X € S™V. As initial condition, we impose

ui(x,0) = ujp(x) >0, zeRY, i=1,2 (1.2)
Ui € BUC(RN). For F;, we assume that there exists 0 < A; < A; such that
Pr(X —Y) < F(X) - K(Y) < P (X —Y) (1.3)
(X,Y) e SN x SN where Pii are the Pucci operators. We also assume that
Fi(uX) = pFi(X), p>0, X e SV, (1.4)
We have:
Theorem 1.1. Let p,q > 1, pg > 1 satisfy
There exists oy, ag > 0 such that if,
prl <ap and q+1 < az, (1.6)
pq—1 pq—1

then we can find uyg, uzg € BUC(RYN) so that problem (1.1), (1.2) has a global in time
solution.

References

[1] S. N. Armstrong and M. Trokhimtchouk, Long-time asymptotics for fully nonlinear
homogeneous parabolic equations, Calc. Var. Partial Differential Equations 38, 521—
540 (2010).

[2] T. Kosugi and R. Sato, Existence of global-in-time solutions to a system of fully
nonlinear parabolic equations, Acta Appl. Math. 181 (2022), Paper No. 14.
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Threshold-type approximation algorithm
for gradient flows of Willmore-type energy functionals
Nobuhito Miyake (the University of Tokyo)

In this talk, we consider the threshold-type approximation algorithm for gradient flows
of Willmore-type functionals by using higher order parabolic equations. This talk is based
on a joint work with Professor Katsuyuki Ishii (Kobe Univ.), Professor Yoshihito Kohsaka
(Kobe Univ.), and Professor Koya Sakakibara (Kanazawa Univ.).

In 1992, Bence-Merriman—Osher [1] introduced the following approximation algorithm
for the mean curvature flow:

(1) Let h >0 and Cy C RY be a compact set. Set C!' := Cj.

(2) Define the sequence of compact sets CJ (k= 1,2,---) inductively as follows:
For C’,?*, let u’kl* be a solution to the Cauchy problem of the heat equation on RY
with the initial data Xcp - Then, we define the compact set C’,?* 41 as an upper level
set

Cp oy ={x e RV |up (x,h) > 1/2}.

(3) Setting
Cht)i=Cl for te b, (b4 1) (k=0,1,---),

we see that dC"(t) can be regarded as the approximation of the mean curvature
flow. (For the convergence of C"(t), see Evans [2]).

In this talk, we consider the above algorithm by using solution to the fourth order
parabolic equation
Ou+ A%u—AAu=0 in RY x (0,00)

instead of the heat equation. Then, setting a new threshold function, we prove that the
corresponding upper level set can be regarded as an approximation of the gradient flow
of a Willmore-type energy functional.

References

[1] Bence, J., Merriman, B., and Osher, S., Diffusion generated motion by mean curva-
ture, Computational Crystal Growers Workshop, J. Taylor (ed.), Selected Lectures
in Math., Amer. Math. Soc., Province, RI, 1992.

[2] Evans, L. C., Convergence of an algorithm for mean curvature motion, Indiana Univ.
Math. J. 42 (1993), no. 2, 533-557.



Concentration Phenomena on Magnetic Nonlinear Schrodinger
Equations

Chunyi Zhao

School of Mathematical Sciences, East China Normal University

The magnetic Schrédinger equation in RY is given by

19 = (27 + A() + Q) — [YIP,

where £ > 0 is a small parameter, 1 < p < % if N >3,p>1if N =2and1iis the imaginary unit. Here
the function ¢ is complex-valued. The vector A = (Ay, Ay, -+, Ax): RY — R¥Y denotes the magnetic
potential and Q: RV — R represents the electric potential. The magnetic Laplacian (ieV + A)? is defined
by

(ieV + A) %) == —2 A + 2 A - Vi + |A|*Y + ieypV - A.

The equation arises in various physical contexts such as Bose-Einstein condensates and nonlinear optics;
or plasma physics where one can simulate the interaction effect among many particles by introducing
some nonlinear term. From now on we consider standing wave solutions to the above problem, namely
P(t,x) = ei’\e_ltu(x) for some complex-valued function u(z). Substituting this ansatz into problem, u(z)
should satisfy the following nonlinear magnetic Schrodinger equation

(ieV + A)2u + V(z)u — [ulf'u =0 in RY, (1)
where V(z) = Q(x) + \. The potential V' (z) is then usually assumed to be smooth and satisfy

inf V(z) > 0.
]RN

This talk focuses on concentration phenomena in nonlinear magnetic Schrodinger equations . Pre-
vious studies have demonstrated that a magnetic field does not affect the locations of pointwise con-
centrations, provided that the electric potential V' (z) is not a constant. To explore the influence of the
magnetic field, two types of concentration phenomena are considered: pointwise concentrations for a con-
stant V', and curve concentrations. In the case of a constant electric potential, pointwise concentrations
occur at critical points of the Frobenius norm of the magnetic field B induced by the potential A. This
result implies that the Frobenius norm of B, denote as || B||z plays a role similar to that of V' compared
with a nonconstant electric potential. Furthermore, the locations of the concentration peaks exhibit
a distinctive geometric characteristic. Additionally, nonsimple pointwise concentrations may arise at a
minimum point of | B||#. distinguishing it from the phenomena observed in the real-valued Schrodinger
problem. The talk also delves into high-dimensional concentration phenomena, specifically concentration
on curves. Bonheure et al. investigated the three-dimensional case and proved the existence of semiclas-
sical solutions to for cylindrically symmetric A and V' , which concentrate around a circle. Their
results demonstrate that the magnetic potential can also influence the concentration location when it
occurs around a locus, which differs from the case of pointwise concentrations. In our discussion, we
consider a more general two-dimensional case without any symmetry conditions and establish that curve
concentrations can occur at certain stationary and non-degenerate curves. Moreover, the magnetic field
plays a significant role in shaping the concentration curve. (The talk is based on the joint works with
Liping Wang.)



Existence and boundedness of a forward self-similar
solution to a minimal Keller-Segel model

Hiroshi WAKUI  (University of Fukui)*

In this talk, we consider existence of a bounded forward self-similar solution to the
initial value problem of a minimal Keller-Segel model :

Ou—Au+ V- (uV)=0, t>0, z€R",
— A = u, t>0, zeR", (1)
U(O,[E) = Uo(l') > 07 VS Rn?

where u = u(t,z) : Ry x R" — R, ¢ = 9¥(t,x) : Ry x R" — R are unknowns and
n > 3. Since function 9 solves Poisson equation, we assume that function v satisfies
Vi = VE, % u where function E,(z) = z|~("=2) is the fundamental solution to
Poisson equation.

It is well known that the mass conservation law, which stands for [|u(t)|; =
|luoll1 (¢ > 0), plays an important role to classify its large time behavior of solu-
tions to Keller-Segel models. On the other hand, we could not expect existence of
self-similar solutions to our problem with the mass conservation law except for the two
dimensional case due to the scaling invariance of our problem. We will show existence
of a forward self-similar solution to our problem. Moreover, we will show some partial
results on their possible global asymptotics of self-similar profile in our problem.

1
(n—2)on
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On critical phenomena for Fujita type equation on a bounded
domain characterized by boundary conditions*

Kosuke KITA

Department of Physics, School of Science and Engineering, Waseda University

1 Introduction

We are concerned with the existence and the nonexistence of positive global solutions to (P):

opu — Au = |ulP~2u, t>0, x€Q,
(P) — Oyu € B(u), t>0, z e,
u(0, z) = uo(z), x € .

We assume that €2 is a bounded domain in RY with smooth boundary 9 and f3 is a maximal monotone
graph in R x R satisfying 5(0) > 0. Moreover let T}, = T,,(ug) be the maximal existence time of the
solution to (P). This type of boundary conditions imposed on (P) can cover classical linear boundary
conditions such as the homogeneous Dirichlet or Neumann boundary condition. Indeed, set

B R r=20, _o v R
Bp(r) = 0 "0 or Bn(r) = r € R,

then the boundary condition of (P) with 8 = p or 8 = Sy becomes the homogeneous Dirichlet boundary
condition or the homogeneous Neumann boundary condition respectively [1]. To simplify the descriptions,
we denote (P) with 8 = 8p and 8 = By by (P)p and (P)y respectively. In what follows, we always
assume that the initial data belong to L(Q2) := {v € L>(Q); v > 0,v # 0 }. Then it is well known
that all non-trivial nonnegative solutions of (P)y blow up in finite time and to the contrary, (P)p admits
always global solutions for small initial data. We here introduce the following (3%(-))ac[o,0c] DY

(—OO, O]a r= O,
0, € (0,
B’ =Bp, B> =pBx andforac (0,00) by Br)= re(0.a)
[07 Jroo)v r=aq,
0, otherwise.

In this talk, (P), denotes (P) with § = $%. We know that for all ug € L°(2), (P), possesses a
unique nonnegative time local solution (see [2]). Our main theorem can be stated as follows.

Theorem 1. There exists a threshold value . € (0,00) such that the followings hold:

(i) If a > ., then all positive solutions of (P)s blows up in finite time (i.e. T, < +00).
(i) If o < a, then there exists a global solution to (P), for small data (i.e. T, = 400).

References

[1] H. Brézis, “Opérateurs Mazimaux Monotones et Semigroupes de Contractions dans Espace de
Hilbert,” North Holland, Amsterdam, The Netherlands, 1973.

[2] K.Kita; M. Otani, On a comparison theorem for parabolic equations with nonlinear boundary con-
ditions, Adv. Nonlinear Anal., 11 (2022), no. 1, 1165-1181. (arXiv:2109.01803)

*Joint work with emeritus Professor Mitsuharu Otani (Waseda University).



Super polyharmonic property and asymptotic behavior
of solutions to the higher order Hardy-Hénon equation
near isolated singularities

Yuan Li
School of Mathematical Sciences, East China Normal University

In this talk, I will introduce some recent progress on the positive solutions of the following
higher order Hardy-Hénon equation

(—A)"u = |z|*w” in B\ {0} CR"

with an isolated singularity at the origin, where o > —2m, m > 1 is an integer and n > 2m.
Forl <p < :‘:gm, singularity and decay estimates of solutions will be given. For n”_g(:n <
p < ngf; with —2m < a < 2m, we show the super polyharmonic properties of solutions near
the singularity, which are essential tools in the study of polyharmonic equation. Using these
properties, a classification of isolated singularities of positive solutions is established for the
fourth order case, i.e., m = 2. Moreover, when m = 2, z%‘ff <p< ”#%40‘ and p # ”24%20‘
with —4 < a < 0, we obtain the precise behavior of solutions near the singularity. This talk is

based on the joint works with Xia Huang (ECNU) and Hui Yang (SJTU).
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Integrability, regularity and symmetry of
positive integrable solutions for Wolft type
integral systems

Zexin Zhang (Jiangsu University)

Joint work with Zhitao Zhang

In this talk, we are concerned with the optimal integrability, regularity
and symmetry of integrable solutions for the following Wolff type integral
systems:

{ u(x) = Ry(x)Wg,(v7)(x), u(z) >0, x € RV, (1.1)
v(z) = Re(z)Wp,(uP)(x), v(z) >0, x € RY, ’

where vy > 2, 8 >0, fv < N, p,q > ~v—1 with pl;il +ql;i1 = N]_VBV, Ry, Ry
are double bounded in RY and

W (1)) = [ [—fw h(y)dy] s

tN=5Bv t

Firstly, we prove the optimal integrability and boundedness of solutions
(u,v) € LPP=H(RYN) x LI ~1(RY) for system (1.1), by constructing a nonlin-
ear, contracting operator and applying a regularity lifting lemma. Moreover,
we exploit the general regularity lifting theorem to derive the Lipschitz con-
tinuity of u and v when R; = Ry, = 1 in RY. These extend the results of C.
Ma, W. Chen and C. Li [1] to v > 2. Secondly, we use the method of moving
planes in integral forms to prove the symmetry and monotonicity of solutions
(u,v) € LPTH(RYN) x LI~ (RY) for system (1.1) when Ry = Ry = 1 in RY,
which extends the result of W. Chen and C. Li [2] to v > 2. In comparison
with the above two papers, Minkowski’s inequality is crucial in our proofs.

References

[1] C. Ma, W. Chen, C. Li, Regularity of solutions for an integral system
of Wolff type. Advances in Mathematics 226 (2011), no. 3, 2676-2699.

[2] W. Chen, C. Li, Radial symmetry of solutions for some integral systems
of Wolff type. Discrete Contin. Dyn. Syst. 30 (2011), no. 4, 1083-1093.
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Nonlinear set-valued ODE governed by hypergraph Laplacianf®

Shun Uchida (Oita University, Japan)

E-mail: shunuchida@oita-u.ac.jp

Hypergraph G = (V, E,w) is the triplet of

e a finite set V = {vy,..., v},
e a family E C 2V of subsets of V, where #e > 2 holds for every e € E,

e a function w : £ — (0, 00).

This can be interpreted as a model of a network structure in which vertices v1,...,v, € V are connected
by each hyperedge e € E (see Figure[T). In order to investigate the geometric structure of hypergraph,
a set-valued nonlinear operator, which is the so-called hypergraph Laplacian, was introduced by Prof. Y.
Yoshida in 2019. Let RV be the family of mappings x : V — R (note that RY can be identified with the
Euclidean space R™ by letting z; := z(v;) and « ~ (x1,...,2,)). We here set real valued functions f, on

RY with respect to each hyperedge e € E by

fe(z) := max(z(u) — 2(v)) = max |z(u) — z(v)]

u,vee u,vee
= max _[z; —
©,J s.t. vi,v;€e
and define 1
pap(t) = » Y wle) (fe(@)”  pell o),
eckE

where z € RV. Although f. and ¢, do not belong to C1-class, these are continuous convex functions and
so the subgradient df.(z) and dpg ,(x) of them can be well-defined, respectively. Then the hypergraph
Laplacian is defined by Lg , == 0pgp,: RV — 2RV, which generally becomes a nonlinear and set-valued
mapping by the nature of the subdifferential operators.

In this talk, we first explain the basic properties of this operator from a viewpoint of the nonlinear

analysis. By using them, we next consider the Cauchy problem of a nonlinear set-valued ODE governed

@)
By

e = {uy, Uy, Uz, Ug}

by hypergraph Laplacian #'(t) + L ,(z(t)) 3 0.

Figure 1 When #e = 2 for every e € E, each e € E can be regarded as a segment connecting

two vertices (left figure, called usual graph). Hypergraph is a generalization of usual graph which

represents the grouping of multiple members (right figure).

* Joint work with Masahiro Ikeda (Riken/Keio University, Japan).
Keywords: Hypergraph, p-Laplacian, nonlinear evolution equation, subdifferential.
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SOME RESULTS ON HALL-MHD SYSTEM AND BELTRAMI FLOW

ZHIBING ZHANG (ANQING NORMAL UNIVERSITY)

ABSTRACT

In this talk, we will introduce some results on two relevant PDEs: Hall-MHD system
and Beltrami flow. The steady Hall-MHD system on a three-dimensional bounded domain
Q) is described by the following equations

—Au+ (u-V)ju+Vp—curlBxB=f in Q,
curl (curl B + curl B x B —u x B) = curlg in €,
divu=divB =0 in €,
u=0, Bxvr=0 on 0f2.

Here u = u(z) is the fluid velocity, B = B(z) is the magnetic field, and p = p(z) is a
scalar function which denotes the pressure, v is the unit outer normal to the boundary
0f). The given vector fields f and curl g are external forces on the magnetically charged
fluid flows. The term curl (curl B x B) in the above system is called the Hall term. Under
the condition of small external forces, we obtain existence of a weak solution of the steady
Hall-MHD system with Holder continuous magnetic field. We also establish regularity of
weak solutions provided that magnetic fields are bounded.
Beltrami flow on three dimensional whole space is described by the system

curlu xu=0 in R3,
divu=0 in R3,
where u is a three dimensional vector field. Since curlu x u = (u - V)u — V|u|?/2,

each Beltrami flow gives a special solution to the stationary Euler system. A vector field
u € L2 _(R3 R3) is said to be a weak Beltrami flow if

loc
uf?
u®u:Vyp— —divy | dr =0 and u- Vodr =0,
R3 2 R3

for all p € C(R3R3), ¢ € C(R?). We will review some Liouville type results on
Beltrami flow and weak Beltrami flow. Then we show our new Liouville type results,
which are established under some decay conditions on the tangential component of the
weak Beltrami flow.

This talk is based on joint works with Zengyun Qin, Na Wang and Yong Zeng.
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Anisotropic Liouville type theorems for the 3D stationary
fractional MHD system

Yong Zeng

School of Mathematics and Statistics, Chongqging Technology and Business University

1 Introduction

We are concerned with the Liouville type theorems in anisotropic Lebesgue spaces for the following
stationary fractional MHD system:

(=A)u+ (u-V)u—(b-V)b+VP =0, inR3
(=AYb + (u-V)b—(b-V)u=0, in R?, (P)
divu = divb =0, in R?,

where the fractional Laplacian (—A)® is defined at the Fourier level by the symbol |£|>*. We say a

measurable function u = wu(x1,x2,r3) belongs to the anisotropic Lebesgue space LE LI L% (R3) (also
denoted by L¥(R3) for 5= (p,q,r)), provided that

lllzg, 2o, oz, ey = HH|U||L51<R>’ @l @ =
z3
Here || - |1z (r) denotes the LP norm with respect to the variable x; (see [1]).

In this talk, we shall present the following two anisotropic Liouville type theorems for (P).

Theorem 1. Let 0 < o, < 1 and pj = (pj,1,05,2:04,3), @ = (45,1, ,2545,3) with pji,q;1 € [3,+00) for

7,0 =1,2,3 such that
3 3
1 2 1 2
do—>g and Y — >3,
for j =1,2,3. Assume that (u,b) € H*(R?) x HP(R?) is a smooth solution to (P) such that (uj,b;) €
LPi(R3) x L9 (R3), then u=>b=0 in R3.
Theorem 2. Let 0 < a <1, % < B <1 and p; = (pj1,pj2,pj3) such that

Py, Zmax( forjal:]-v2a3a

3 3
20’ 23
and

3
1
> — >max(2a— 1,28 1) forj=1,23,

then the smooth solution (u,b) € H*(R?) x HP(R?) to (P) is trivial, provided that u; € L (R3) for
j=1,2,3.

We shall show that our results are improvements of several previous results on Liouville problems for
the stationary Navier-Stokes system, the stationary fractional Navier-Stokes system and the stationary
MHD system.

References

[1] A. Benedek and R. Panzone, The space LP, with mized norm, Duke Math. J., 28(3), 301-324 (1961).
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Some results on classification of bistable transition fronts

Hongjun Guo (Tongji University)

In this talk, we consider entire solutions of the classical reaction-diffusion
equation
u — Au = f(u), teRY, zeR",

where N > 2. The reaction term f(u) € C*([0,1]) is assumed to be of
bistable, that is, there is § € (0, 1) such that f(0) = f(0) = f(1),

f(u) <0in (0,0), f(u)>01in (6,1), f(0) <0 and f'(1) < 0.

Planar fronts, V-shaped fronts, conical shaped fronts and pyramidal fronts
are known to exist. Some non-standard fronts with changing level sets have
also been constructed recently. We will first show you a simple way to con-
struct entire solutions by finite planar fronts which covers above fronts. Pre-
cisely, take n vectors e; (i = 1,---,n) of S¥~! such that e; - eg > 0 for some
certain eg € S¥! and e; # e; for i # j. Take n constants 7; (i = 1,--- ,n).
Then, we prove that {(e;, 7;)}iz1,... » uniquely determines an entire solution
Ue, - (t, x) satisfying

ey (1) — i {0(a - e, — st + 7)) = 0 (0.1)
for (t,z) € R x RY such that d((¢,7),R) > p as p — +oo where R is the set
of ridges of the polytope

P ={(t,x) e R x RV 1121'i<n {z-e;—cst+m7} >0}

Such an entire solution is shown to be decreasing in the direction ey and stable
up to perturbations on ridges. These entire solutions can also be verified to
be generalized traveling fronts, that is, transition fronts. Finally, we prove
that transition fronts with level sets having finite facets are determined by
finite planar fronts. That is, these transition fronts are in the class of entire
solutions which we construct. This is a joint work with Kelei Wang.
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Existence of weak solutions to
a singular nonlocal phase field system
with inertial term

Shunsuke Kurima

Tokyo University of Science
Email: shunsuke.kurima@gmail.com

In this talk, we will deal with a singular nonlocal phase field system with inertial term.
More precisely, in this talk, we will consider the nonlocal phase field system with inertial
term related to the entropy balance

(In6), + ¢, — A0 = f in Q% (0,7),

®) out+petal)p—Jxp+Be)+m(p) =6 inQx(0,T),
0,0 =0 on 0 x (0,7,
[ (In0)(0) =Inby, ©(0) = wo, ¥:(0) =g in Q,

where Q@ C R? (d = 1,2,3) is a bounded domain with smooth boundary 99, T' > 0,
a(-) = [o J(—y)dy, T := [, J(-—y)e(y)dy, 0, denotes differentiation with respect
to the outward normal of 9§2. Moreover, we assume the four conditions:

(C1) J(—z) = J(x) for all x € R? and sup/ |J(x —y)|dy < +o0.
zeQ JQ

(C2) p: R — R is a single-valued maximal monotone function such that there exists a
lower semicontinuous convex function B\ : R — [0, +00) satisfying that B (0) =0 and
g = 83, where 83 is the subdifferential of B Moreover, 5 : R — R is local Lipschitz
continuous.

(C3) 7: R — R is a Lipschitz continuous function.
(C4) fe L*(Qx(0,7)NLY0,T; L>(Q)), 0y € L*(Q), Inby € L*(Q), wo,v0 € L>=(9).

To prove existence of weak solutions to (P), we will use a time discretization method
which is a method of capturing the derivative with respect to time with the limit of
the difference quotient. This method has the advantage that evolution equations can be
reduced to stationary problems of elliptic equations.
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About the Workshop:

“Workshop on Nonlinear Partial Differential Equations-- China-Japan
Joint Project for Young Mathematician” as a series of workshops was
initially organized and supported by Professor Xingbin Pan from the East
China Normal University in Shanghai now at the Chinese University of
Hong Kong (Shenzhen) and Professor Yoshihisa Morita from Ryukoku
University in Otsu. It is normally held every two years, alternating between
Shanghai and Otsu. So far, four workshops have been successfully
organized (Nov. 2011, Oct. 2013, Nov. 2016 and Oct. 2018). This
workshop is organized by the School of Mathematical Sciences of Tongji
University and co-organized by the School of Mathematical Sciences of
East China Normal University. The purpose of this workshop is to invite
young scholars from China and Japan to share their recent academic
achievements in partial differential equations and related fields, explore

academic frontiers, and promote academic exchange and cooperation.

Sponsors:

1. School of Mathematical Sciences, Tongji University

2. NSFC grantno. 12071142 (Xingbin Pan), no. 12071189 (Feng Zhou)
and no. 11771335 (Xingfei Xiang)

3. STCSM grant no. 22DZ2229014 (ECNU, Shanghai Key Laboratory
of PMMP)

4. Natural Science Foundation of Shanghai grant no. 23ZR1468000

(Xingfei Xiang).
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Introduction to School of Mathematical Sciences

The School of Mathematical Sciences at Tongji University was
founded in 1945 and had several times of adjustments after the founding
of the People’s Republic of China. It was re-established officially as the
Department of Applied Mathematics in 1980 and renamed the
Department of Mathematics in 2006. The School of Mathematical
Sciences was founded in 2016. Many renowned scholars have taught in
our school. Since the 1980s, the School of Mathematical Sciences has
brought in numerous famous Chinese mathematicians. And during the
21st century, a group of young and middle-aged leading figures in
research including those awarded the National Science Fund for
Distinguished Young Scholars were also recruited. The School of
Mathematical Sciences has made huge progress in discipline
development, teaching staff construction, talent cultivation, research
and academic exchange, educational research and textbook reform.
Besides, the comprehensive strength in teaching and research has been
continually enhanced and it has been highly influential among domestic
and international educational circles and academia. At the end of 2017,
Mathematics discipline of Tongji University was graded A (for top
2%~5%) in the fourth round evaluation of disciplines of universities and
colleges in Chinese Mainland according to the results announced by the

Ministry of Education.
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